
Tutorial 2

Q . I

show that f- and g are integrable on a bounded set A

implies that the product fg is also integrable .

Prerequisite :

Recall the definition of integrability on bounded set .

Let A be bounded & f : A→ IR . We say f- is integrable on
A if 7- rectangle 122 A St . f- is integrable on R ,where

f-1×1 = { FIX) if ✗ c- A

0 if ✗ c- RIA -
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Solution :

Since fg = #f-+g)2- If- g) 2) , it suffices to show that
if f- is integrable on A , then so is f- 2 .

WLOG , assume f -1=0 . the case when f- =-D is trivial)

By def . of integrability , 7 rectangle 122A sit . f- is

integrable on R .

In other words , V-E> 0 > 7- partition P of R sit .
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Q .2

Prove that any subset of measure zero set must have measure

zero .

Solution :

A subset A c- Rn is said to have measure zero if too , 1- a

sequence of rectangles { Ri } ?=, St .
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let B be any subset of A.
Given any E>0, we can just choose

{Ri/¥, as mentioned above , so that we have
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Q -3

Give an example of a bounded measure zero subset whose boundary
does not have measure zero .

Solution:

Let A = ☒A [0,17 SIR'

Claim 1 : A has measure Zero .

Proof : Let {q ;} ,? , be an enumeration of rational number in

[0,1] . Given E>0 , let Ri , e
= [Gi - ¥+2 . fi + ¥+2 ] .

Clearly , A c- Rise
.

no

Also , ¥, Vol IRi.e) = ¥,
¥ ,

= § < E .

Claim 2:[0,17 C- 2A , so 2A does not have measure zero .

Proof : We first show that [0,13 C- JA .

Let ✗ c- [0,17 .
let la, b) be an open interval containing ✗ .

Note that la ,b) A [0/1] is always an internal of positive
length , so it must contain some rational number =/ ✗

& irrational number in [0.1] by the density of ☒ & ☒
'

,
i.e.

la ,b) A A -1-01 & la,b) n (1121/7)=101 . .

'

.
[0,17 c-JA '

Since v01¢0 , D) = 1 , it is impossibleto cover 8A with rectangles

of total volume <ELI . in 2A does not have measure zero .


